
Advanced Probability - Final 17/11/18

Instructor: Mathew Joseph

Attempt all questions. The total marks is 54 but the maximum you can score is 50
Time: 3 hours

If you are using a specific theorem mention it and check all the conditions.

All random variables are defined on a probability space (Ω,F , P ).

1. Let ξ1, ξ2 · · · be independent random variables such that Eξi = 0 and Var(ξi) = σ2
i < ∞.

Let s2n =
∑n
i=1 σ

2
i . Show that S2

n − s2n is a martingale with respect to Fn = σ{ξ1, ξ2 · · · ξn}.
[4 marks]

2. Show that if Xn and Yn are submartingales with respect to filtration Fn then max(Xn, Yn)
is also. [4 marks]

3. (a) Let c be a constant. For a sequence of random variables Xn show that Xn
P→ c if and

only if Xn ⇒ c. (Hint: you might need to use |eia − eib| ≤ |a− b|) [4 marks]

(b) If Xn ⇒ X and Yn ⇒ c for some constant c then show Xn + Yn ⇒ X + c. [4 marks]

4. Suppose X1, · · · are independent random variables with P (Xm = m) = P (Xm = −m) =
m−2/2, and for m ≥ 2

P (Xm = 1) = P (Xm = −1) = (1−m−2)/2.

Let Sn = X1 +X2 + · · ·+Xn.

(a) Let Yi = sign(Xi) where sign(Xi) = +1 or −1 depending on whether Xi is positive or
not. Let Rn = Y1 + Y2 + · · ·+ Yn. Show that Rn/

√
n⇒ N(0, 1). [3 marks]

(b) Show that Sn/
√
n⇒ N(0, 1). [4 marks]

5. Let Xn be any sequence of real valued random variables. Show that there are constants
cn →∞ so that Xn/cn → 0 a.s. [4 marks]

6. Let ψ(x) = x2 when |x| ≤ 1 and = |x| when |x| ≥ 1. Show that if X1, X2 · · · are independent
with EXn = 0 and

∑
nEψ(Xn) < ∞ then

∑
nXn converges a.s. (Hint: Use Kolmogorov’s

three series theorem) [4 marks]

7. Let Xn, n ≥ 0 be a martingale and let ξn = Xn−Xn−1, n ≥ 1 be the martingale differences.
Suppose E[X2

0 ] <∞ and
∑n
m=1E[ξ2m] <∞ then Xn → X∞ a.s. and in L2. [4 marks]

8. Let Sn = ξ1 + ξ2 + · · · + ξn where ξi are i.i.d. random variables such that |ξi| ≤ M a.s..
Assume that ξ is not a constant and Eeθξ1 = 1 for some θ < 0. Fix a < 0 < b and let
T = inf{n : Sn /∈ (a, b)}.

(a) Show that Xn = exp(θSn) is a martingale with respect to Fn = σ(ξ1, ξ2 · · · ξn). [3
marks]

(b) Show that P (T <∞) = 1. [4 marks]

(c) Show that P (ST ≤ a) ≤ e−θa. [5 marks]

9. Consider a random variable X on a probability space (Ω,F , P ) such that E[X2] <∞.

(a) Show that E|X| <∞. [1 marks]

(b) Given a sub σ-algebra G ⊂ F , show that Z = E(X|G) satisfies E[Z2] <∞. [2 marks]

(c) Show that E(X|G) minimizes E[(X − Y )2] for Y such that E[Y 2] <∞. [4 marks]
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